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CUBIC CONGRUENCES WITH THREE REAL ROOTS 
Bt Edwaed B. Escott 
Gauss has shown that the complete solution of the equation 

a;" - 1 = 

■I 

where n is prime, is found by solving some auxiliary equations whose degrees 
are the factors of n — 1. These equations are called cyclotomic equations. 
Gauss showed that these equations are irreducible. 
Consider, for example, the equation 

a;7 _ 1 = 0. (1) 

Calling one of its complex roots m, the remaining roots are w^, <»^, to*, 

O)*, ft)*, ft)' = 1. 

Since the sum of the roots of (1) is zero, we have 

l + ci) + o^ + a^ + (o*+ofi+ofi = 0. (2) 

Arrange the roots so that the exponents are in geometrical progression. 
Several groupings are possible : 

ft), ft)*, ft)*, ft)^ (= ft)) , • • • 

ft)», ft)«, ft)i2 (= ft)"), ft)" (= ft)'), . . . (3) 

i. e., two groups of three each ; or 

ft), ft)*, ft)^ (= ft») , • • • 

ft)2, ft)« (= ft)5), ft)" (= ft)*), . . . (4) 

a^., ft)i8 (=ft)*), ft)^** (=ft)»), .. . 

i. e., three groups of two each. 

If we take the sum of the roots in the same row in (3) for roots of a new 
equation, i. e. 

a = ft) + ft)* + ft)*, /3 = ft)' + ft)* + ft)^ (5) 

(86) 
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we shall have 

a;2 + a; + 2 = (6) 

with the roots a and j8. 

Similarly, in (4) if we put 

a — CO + m^, yS = «* + o)*, y = a>^ + m*, (7) 

the equation whose roots are a, /3, 7 is 

x8 + a;2 _ 2 a; - 1 = 0. (8) 

Equations (6) and (8) are the cyclotomic equations for the division of the 
circle into seven parts.* 

From (7) , a2 = ®« + 20)7 + o>i2 = w** + 2 + ft)» = y8 + 2 ; also j8» = 7 + 2, 
and 7* = a + 2. 

From these relations, we see that all the roots of (8) can be obtained 
from any one root, and since (8) must have one real root, all of its roots 
must be real. 

In order to apply these results to cubic congruences with modulus an 
odd prime, let us summarize briefly a few of the properties of these con- 
gruences. 

A congruence cannot have more roots than its degree. The degree of 
a congruence (mod p) can always be reduced to j> — 2 by Fermat's Theorem. 

ajp-i = 1 (mod^), a; ^ (mod^). 

A congruence of the ^rst degree always has a root. 

A congruence of the second degree has two roots or none. 

A congruence of the third degree has (a) three roots, (6) one root, or 
(c) no roots. 

The condition that a cubic congruence shall have three roots is rather 
involved, so it seems of interest to consider a large class of congruences 
which have three roots (when they have one). 

An example is obtained at once from (8). 

If the congruence 

a^ + a;*-2a;-l = (mod p) (9) 

has a root a, it is evident that it has also the roots fi = a^ — 2 and 7 = y8^ — 2. 
* For details see Mathews' Theory of Jffumbera. 
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Let us consider the problem, to find the most general irreducible cubic 
equition in which each root is a rational integral function of another root, i. e., 

^=/(a), 7=^(^), «=/(7), 

and let the equation whose roots are a, y3, 7 be 

a^ + ax^ + hx + c=0; (10) 

then by using the relation 

a* + aa^ + 6a + c = 

and similar ones for /3 and 7, we can replace /(a) by a function of the second 
degree. 

Consider first the case where the roots have the relations 

^ = a^ -n, 'y = ^-n, a = rf - n, (11) 

and let a, /3, 7 be roots of (10). 

Form the equation whose roots are the squares of the roots of the given 
equation, by transposing the terms of even degree to the second member, 
squaring both members, and replacing a;* by x. We have 

a? + (26 - Oa) «« + {W - 2ac) x - c> = 0. (12) 

If we increase the roots of the given equation (10) by n, we shall have 

-c3 + (_ 3n + a) a;2 + (3n* - 2an + b) x + { - n^ -^ an^ -bn -^ c) = 0. (13) 

These two equations must be identical. Equating coefficients, 

26 - a* = - 3n + a, (14) 

6^ - 2ac = 3n2 _ 2an + 6, (15) 

<? = n^ — ar? + fm — c. (16) 

From (14) 

n = i (a2 + a-26). (17) 

Substituting in (15) and solving for c, 

c = - i- (a* - ia^b - «« + 6* + 36). (18) 
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Substituting these values of n and c in (16) and arranging with reference to 
b, we have 

3&* + (Sa^ + 18) 63 + (6a* - 6a^ - 18a + 27) b^ 

(19) 
- (18a* - 36a3 + ISa^ + 54a) b - {a^- Ga» + lOa' - 3a* - 18a») = 0. 

We can tell some of the roots of (19) at once. For example, in (11) if 
7 = /3 = a, we have n = a^ — a; and since (10) becomes (« — a)* = 0, we 
have a = — a/3 ; whence n = (a^ + 3a) /9 and from (14) 

6 = ^. (20) 

This is one root of (19). 

In (11) instead of a, /8, and 7 being difierent, one root might be repeated. 
Instead of (11) we would have 

a = a^-n, ^ = ^ - n, (^ * a), (21) 

Subtracting, a — yS = a* — y3*, i. e., 1 = a + /3, whence = — a + 1. 

Equation (10) becomes 

(x + ay (x + a - 1) = 0, (22) 

and comparing coefficients with (10) we find a = — a — 1,6 = — a* + 2a, 
whence a = — a — 1, and 

6 = - (a2 + 4a + 3). (23) 

This gives another root of (19). 

In place of (11) if we had taken the relations 

a = a''-n, = y^ - n, y = 0^ - n (24) 

we would have the same equations (14), (15), and (16). From the last two 
equations — y = y^ — ^, and since /8 ;£ 7, 1 = — 7 — /3, i. e., 7 = — /8 — 1. 
Substituting in the second or third relation of (24), we have 

^+/3_n+l = 0. (25; 
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Therefore, a, fi, y are roots of the equation 

(a; - a) (x* + X - n + 1) = 0. (26) 

Equating coefficients of (26) and (10), we find — a + 1 = a, and 
— a — n+l = b, whence a = — a + 1; and since n = a* — a = a* — a, we 
have 

6 = -(a2-2a). (27) 

This gives a third root of (19). 

Therefore, the remaining root of (19) , and the only one which gives for 
(10) an irreducible equation, is 

6 = - (a2-2a + 3). (28) 

From (17) and (18) we have, with this value of b, 

c = - {a?- 2a2 + 3a- 1), 

n = a** — a + 2. 

Then the equation 

a;3 4- ax2 - (a - 2a + 3) x - (a - 2a« + 3a — 1) = (29) 

has its roots a, /8, 7 connected by the relations 

^ = a^- {a^-a + 2), 

7 = /3»- (a«-a+2), (30) 

a = rf - (^a^-a+ 2), 

and since it has one real root, all its roots are real. 

The application to cubic congruences is immediate. We have the 
theorem : 

27*6 congruence 

a? + ax^ - (a* _ 2a + 3) x - (a^ - 2a^ + 3a - 1) = (mod^)) 

has three roots {when it has any) , the relations between the roots being given in 
equations (30).* 

* We will have the same relations (30) between the roots If we replace a by — (a — 1) 
This gives two irreducible cubic congruences having the same relations between their roots. 
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To find irreducible cubic equations or congruences, having between 
their roots a more general relation than (11), namely 

/8 = a* + i-a + I, 

y = fi^ + k^ + l, (31) 

a = y^ + ky + I, 

we could use the preceding method, or we can obtain the results from those 
already obtained, as follows : 

Equations (31) may be written, 

k\ 2 i* -2Jc-4:l 



r, k / k\^ k'^ 



4 

k /„ . k\ k^ -2k- 4Z 
2 

k / k\ k^-2k-4l 



- /o a;\ «' -2k-il 
7+o=(^+2) J , (32) 



k / k\ I 
'^+2=^+2) - 



4 
Increase the roots of (10) by k/2, and we have 

U\ . (^ , Zk\ f hk ak^ F^ 



y? 



( 3A;\ , /, , 3^^ / hk ak^ k^\ ^ ,^^^ 

+ r " 2")'^ + {b-ak+ — jx + (^c-- + — ~ -j= 0. (33) 



Substitute in the results previously found the coefficients of (33) in 
place of a, b, and c, and {k^ — 2k — 4?)/4 in place of ra ; we have, then : — 
The congruence 

7? + as? + 6x + c = (mod ■p) 

has three roots (when it has any), the relations between he roots being 

= a^ + ka + I, 

y = ff^ + kl3 + l, 

a = y^ + ky + I, 
where 

b = - (a^- iak -2a + U^ + 3A; + 3), 

c = - (a» - 4a^k - 2a^ + bak^ + hak + 3a - 2F - 3^;^ _ 3/fe - 1), 

I =- {a^- iak -a + 2k'^ + 2k + 2).* 

* We will have the same relations between the roots if we replace a by — a + 3A + 1. 
This gives two irreducible cubic congruences having the same relations between the roots. 
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Finally, the equation whose roots have the most general relation of the 
second degree, 

^=fa^ + ga + h, 

y =f^ + g^ + h, (34) 

« = f'f + 91 + K 

can easily be found from the preceding. Equation (34) may be written 
in the form 

f^={fay + g{fa)+fh, 

fy = (0y + 9{f^) +fh, (35) 

fa = (fyy + g(fy) +fh, 

which is like (31) with /a, //3, Jy in place of a, /3, 7; g in place of k; 
and fh in place of I. 

If a, /3, 7 are roots of 

01? + ax^ + bx + c = 0, 
fa, y/3, fy are roots of 

a^+ a/x2 + bpx + cf^ = 0. 

The corresponding theorem is : 
The congruence 

a? + ax^ + bx + c = (moi jp) 

has three roots {when it has any), the relation between the roots being 

0=zfa^ + ga + h, 

7 =f^ + g^ + h, 

a =frf + gy + h, 
where 

bp = - (ay* - iafff - 2«/+ 3?* +Sg + B), 

cp = - (««/* - 4ay V - ^"■V' + 5«/5'' + ^«/^+ ^"■^- ^^ -3g^ -3g-l), 

hf =- (aP - W9 - «/+ 2^^ + 2<7 + 2). 

UmvERsmr or Michigan 
Am? Abbor. 



